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ABSTRACT 
Let H+ be a self-dual cone in a finite dimensional real Hilbcrt space. Then HC 
is facially homogeneous if and only if it is symmetric and modular. This gives a new 
characterization of the state space of finite dimensional Jordan Banach algebras. 
1. INTRODUCTION 
Since the beginning of the quantum theory, many attempts have been 
made at a nice characterization of the state space of operator algebras in 
terms of geometrical properties [ l-3,6-8,1 l-131. 
In [l, 121 the state space of a Jordan Banach (JB) algebra is characterized 
among the compact convex sets in terms of spectrality and the Hilbert ball 
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property or ellipticity, using the notation of P-projections. In [6,11] the 
approach is based on the nice geometry given in a Hilbert space by a 
self-dual cone, and the characterization is given in terms of facial homogene- 
ity. However, this axiom has no physical interpretation. So it is tempting to 
relax this axiom, assuming only the symmetry of the cone. The importance of 
this property was emphasized in 1960 by Haag [9]. But even in finite 
dimension, this approach appears difficult, so we use another condition, 
namely, the modularity of the lattice of faces. Since any facially homogeneous 
self-dual cone is homeomorphic to the positive part of the predual of JBW 
algebra [ll, 111.2.11, this gives a new characterization of the state space of a 
finite dimensional JB algebra. 
2. NOTATION AND MAIN RESULT 
Let H be a real finite dimensional Hilbert space, and H+ be a self-dual 
cone in H, i.e. 
H+=(@H[(&q) >OVt/17=H+}. 
Let Fac(H+ ) be the set of all faces of H+, Pk. be the orthogonal projection 
on the space F - F generated by F, F(H+ > be the set of all complete faces 
F (i.e. F = FL I, where the orthogonal face F L of F is (5 E H + I(t, q > = 0 
Vq E F)), Z,+ be the order ideal of the order vector space H, S(H+ ) be the 
set of unitary matrices preserving H+ and commuting the Z,+, and D(H+ ) 
be the set of derivations of the cone H+, that is, 
A vector [,, E H+ is called a truce vector if Uea = .$a VU E S(H+). 
The cone H+ is called 
symmetric if U, = 2( PF + PF 1) - ll belongs to S(H + ) VF E Fac(H + ), 
regular if P,H+ C H+ VF E FadH+), 
facially homogeneous if PF - PF I E D( H + ) VF E Fac( H + 1, 
modular if the lattice Fac( H + ) is modular. 
For the definition of JB algebras, we refer to [lo] or [ll]. 
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THEOREM. Let H+ be a self-dual cone in a finite dimensional real 
Hilbert space H. Then H’ is facially homogeneous if and only if it is 
symmetric and modular. 
3. PROOF OF THE THEOREM 
In the following H + is a self-dual cone in H. 
LEMMA 1. Let F be a face in H+. Then: 
(i) If H + is regular, then PF H + = F and F is self-dual in PF H. 
(ii) lf H + is symmetric and regular, then F = F 1 I. 
Proof. (i): If 5 > 0 then PrtJ > 0 by hypothesis. Since Prt = q - p 
when 77, p are in F, we get 
By [ll, 1.1.131, PrH+ = F implies that F is self-dual in P,H. 
(ii): Since PrPFL = P,,P,,, = 0 and P,P,,, = PF, we have U,U,~L = 
n +2p, -2Prll. Thus if H+ is symmetric and 5 E F 1 I, 
~[=~P,.~~{G(II+~P,)~ and 0<5<2P&~F by (i) 
Hence 5 is in F, and F ’ ’ c F. Moreover, F C F i 1 by definition, so (ii) is 
proved. W 
Note that (ii) implies that Fac(H+ ) is an orthomodular lattice whose 
atoms are one dimensional faces [ll, 1.1.191. 
LEMMA 2. Let H f be symmetric and regular. Then any self-dual cone 
L+ in a Hilbert subspace L of H such that L+ c H t is symmetric and regular. 
In particular, any face F is a symmetric regular self-dual cone in P,H. 
Proof. Using Lemma 1, the proof of [11,11.1.7] shows that for any face F 
of L, F=(F)nL+, where ( F ) is the face generated by F in H+, 
Pr = P,P,,,P,, PFI = PLP{,)l PL, and PL preserves the order. The result 
follows immediately. W 
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LEMMA 3. Let H+ be symmetric and regular. Then there exists a trace 
vector &,, such that to = PFtO + PF I to for any face F. 
In fact, by [ll, 1.2.101, the group S(H+) has a fixed point c,,. Since 
U, E S(H+), to has always an orthogonal decomposition in P&a + PF1(a 
for any face F. 
Let A be the hyperplane defined by to, namely A = {[a E H I((, to) = 11, 
and B = A n Hf. Then B is a basis for H+ whose faces are just the 
intersections of the faces of Hf with A. 
LE.MklA 4. Let H+ be symmetric and regular. If its basis B is strictly 
convex, H + is facially homogeneous. 
Proof. Let 6 E H, and F, F, be the one dimensional faces given by the 
intersection with Hi of the two dimensional plane L containing 5 and c,,. 
Since P,,l co = to - P&,, is in L, we have F, = F I. Now, B being strictly 
convex, there exists a hyperplane tangent to H+ and parallel to L. The face 
G defined by this supporting hyperplane is necessarily of dimension one. By 
construction, U, F = F I, because Il~,ll= 1 and U, maps extreme points 
onto extreme points. Thus 
and llPF1[,ll d llPF[oll. Exchanging F and FL, this yields llPF5,,ll = 
llP~~5~11. 
The vector n = P&, - PF1,$O is of norm Il(aII. This implies that 5 E H+ 
if and only if (5,50) > 1(5,q)l, and H+ turns out to be a circular cone (see 
[ll, p. 211). 
Thus llP,(O1l = IIP,[,II for any faces F and G. Consequently 
and 
(*I 
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Now take 5, n orthogonal in H+. H+ is facially homogeneous if ( P,t, 7) = 
(PGlt,q) [ll, 1.2.31. W e may assume 5 = P,[, and 77 = PFl 5,,. Then, PC 
being a one dimensional projection, 
So the use of ( * ) shows that G can be replaced in G ’ in this equality. n 
LEMMA 5. Let H+ be symmetric and modular. Let F, G be two extreme 
faces of H+. Then the generated face F V G contains only extreme faces. 
Proof. The regularity of H+ follows from [4]. We may assume that the 
dimension of F V G is strictly greater than two. 
By Lemma 2, K = F V G is a symmetric regular and modular self-dual 
cone in P,H. 
Let L be a proper face of K strictly containing F. Then G A L = (O] and 
F V(G A L) = F, (F V G) A L = L. Thus the modularity of K implies a 
contradiction, and there is no proper face of K strictly containing F. 
Now suppose that K contains a nonminimal proper face L. Then F A L 
= (0) by the previous property, since F is minimal, Pick a minimal face A4 in 
L. Then M V F is K by the same property. The modularity of K gives again 
a contradiction, because M V (F A L) = M, (M V F) A L = L, and L is non- 
minimal. n 
Proof of the theorem. If Hf is facially homogeneous, then it is regular 
[ll, 11.1.31, symmetric [ll, II.l.lO], and modular [ll, 111.6.4, Lemmas 1, 31. 
Conversely, assume H+ is symmetric and modular. Then H + is regular 
[4]. Let F, G be two extreme faces if Hf. By Lemma 5, either F V G is two 
dimensional or B n( F V G) is a strictly convex basis of F V G. The former 
case is trivially facially homogeneous, and in the latter case, F V G is also a 
facially homogeneous self-dual cone in PF v G H by Lemma 4. 
Let 5 be an extreme point of H+ and F E Fac(H+). We claim that 
is in H+ for all real t. 
Since U,e is an extreme point of H+, G = (5) V (U,[) is facially 
homogeneous in PC H+. Moreover, 
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so P& E G, and similarly PF~[ E G. It is easy to check that the facial 
homogeneity of G proves the claim. 
Now let 5 be arbitrary in H+. Since 6 is a convex combination of 
extreme points, the operator exp[t(P, - Ppl)] preserves the order for all 
real t. n 
REMARKS. Note that symmetry and modularity are disjoint properties: 
Let H = Iw3, and Hf be a self-dual cone with a strictly convex basis different 
from a circle [ll, p. 201. Then H+ ’ IS modular but not symmetric. Conversely, 
let H+ be a self-dual cone with a pentagon as a basis. Then H+ is 
symmetric, since U, = ll for all faces F [ll, p. 201; but Hf is not regular and 
thus is not modular. 
Note also the existence of a self-dual cone H+ in Iw4 such that each face 
is complete by Fac(H+ > is not modular [5]. 
While the symmetry is not a sufficient condition in the theorem, we 
conjecture that symmetry and regularity are sufficient for a self-dual cone to 
be facially homogeneous 111, 11.1.131. 
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